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Upscaling of an Isothermal Li-ion Battery Model via
the Homogenization Theory

Y. Efendiev* O. Ilievl V. Taraloval

Abstract

Li-ion batteries are one of the most popular types of rechargeable batteries for
portable electronics. They are multiscale systems with processes occuring at different
scales. The aim of the mathematical modelling is better understanding of the
electrochemical processes in Li-ion batteries as well as prolonging the batteries’
lifetime and improving their performance. A broad range of scientific and engineering
problems involve multiple scales. Direct numerical simulations lead to a huge number
of degrees of freedom difficult to handle even with supercomputers. From an
application perspective it is often sufficient to predict the macroscopic properties of
the multiscale systems. The goal of the upscaling techniques for Lithium-ion battery
models is to develop a method that captures the small-scale effects on the large
scales, but does not require resolving all the small-scale features.
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1 Introduction

In this work we derive rigorously upscaled Li-ion battery model via the homogenization
theory. We start from the microscopic model developed in [8]. Here we describe briefly
the main components and processes in the battery. A more detailed description of the
battery and the electrochemical processes involved is given in [12].

Electron flow
€ . )
I - =
° ®0
Li+ O
N Y, Active Particles
e hd

Negative Electrode Positive Electrode

Active Particles

Figure 1: Battery Cell

A typical Li-ion battery consists of many electrically connected electrochemical cells. Each
cell has two electrodes- anode and cathode, separator and electrolyte. The anode and the
cathode have porous structure consisting of an active particle skeleton filled with liquid
electrolyte (see Figure 1). During charge and discharge of the battery the lithium ions move
from one electrode to the other. The model [8] is based on nonlinear diffusion equations for
the transport of Lithium ions and charges in the electrolyte and in the active particles as
well as their coupling due to electrochemical reactions on the interface boundary between
the particles and the electrolyte. Usually in Li-ion batteries the number of particles in
each electrode is very large. Resolving such a big number of particles in the microscale
simulations would be very computationally expensive. The aim of the homogenization of
the model is to derive equations on the macroscale which correctly capture the macroscopic
behaviour of the battery cell without fully resolving all the microscopic features. This
reduces significantly the computational cost. We consider periodically arranged active
particles and we derive coupled micro-macroscopic model.

Another paper where homogenization of microscale Li-ion battery model is considered
is [6]. However our approach differs in several aspects. First of all, they start from a
different microscopic model [7]. Nevertheless, the two models are similar enough so that
the approaches can be compared. In [6] it is stated that the current density is of the
order of the small parameter but there is no justification. In the current work we derive
this estimate mathematically. Another point is that the final homogenized model in [7]
does not depend explicitly on the small parameter although it is present in the derivation.
Furthermore it is not clear what boundary conditions are used in their model. In our case
the boundary conditions are specified beforehand in the microscale setting of the model
and they are homogenized along with the other equations. Finally we perform detailed
numerical simulations in order to verify the proposed homogenization approach.

In the paper [9] the authors also apply the homogenization theory to derive macroscopic
battery model. Their approach is very similar to ours. The differences are that they start



from a different microscopic model and do not provide a detailed numerical investigation
in order to test their homogenized model against full microscopic simulations. In our
work we run a series of numerical experiments varying the particles’ size and we show a
very good agreement between the solution of the homogenized model and that of the full
microscopic model.

One of the most used models for Li-ion batteries on the scale of our homogenized problem
is the model proposed by Newman et. al [5]. This model, however, is derived directly on
the macroscale and is restricted only to spherical active particles, whereas our method
allows for randomly shaped particles.

Our homogenization approach is also similar in some aspects to the one used by Arbogast
et. al in[1, 2|.

2 The Homogenization Method

The homogenization method [3], [10], [4] deals with partial differential equations with
periodically oscillating coefficients. These type of equations model various physical
problems arising in media with periodic structure. The aim of the method is to derive
macroscale “homogenized” equations which adequately describe the macroscopic behaviour
of the solution and in the same time significantly decrease the degrees of freedom of
the considered problem. In these problems the size [ of the periodic micro structure is
small compared to the size L of a sample of the medium. We start from the microscopic
description of the problem and we seek a macroscopic, or averaged, description.

Let us consider the following equation

Lu=f x€f (2.1)

where L is some partial differential operator and v and f are functions of x. We want to

investigate the behaviour of the partial differential equation as € = — — 0, i.e. as the size

of the periodicities [ goes to zero which is equivalent to their number becoming infinitely
large. Therefore an asymptotic analysis is required as ¢ — 0. We obtain a family of partial
differential operators L. (with coefficients oscillating with period £L), and a family of
solutions u., which satisfy

Lou.=f, ze€ (2.2)

complemented by appropriate boundary conditions. Assuming that the sequence wu.
converges, in some sense, to a limit u”, we look for a so-called homogenized operator £"
such that u” is a solution of

Ll =f zeQ (2.3)

We use the well-klnown two-scale asymptotic expansion method in order to find the precise
form of the homogenized operator £". We postulate the following ansatz for u,

X

us(z) = ug (:U, —) +ewy (x, f) + &%uy (m, f) +... (2.4)
€ € €
where we denote

y=" (2.5)



and each term w;(z,y) is periodic in y. Inserting the asymptotic expansion (2.4) in
(2.2) and identifying equal powers of ¢ leads to a cascade of equations for each term ;.
Averaging with respect to y the equation for ug gives the homogenized equation

Lhug = f (2.6)

The precise form of the operator £" is computed with the help of a so-called auxiliary cell
problem in the unit period. It is proved (see [3], [10], [4]) for linear elliptic problems that
u. — up in H'(Q) weakly.

2.1 One Example: Two-Dimensional Linear Elliptic Problem

We consider the following linear elliptic equation with oscillating coefficient a.(x) (a.(z) > 0
for Yz € Q, ellipticity condition), with period of the oscillations eL:

—V - (a:.(2)Vu.) = f(z), z€QCR? (2.7a)
u(x) =0, z €N (2.7b)

We assume that we have a regular periodic microstructure of the domain 2 with e =
[ << L being the size of the periodicities. The medium varies rapidly on the small
scale | and may also vary slowly on the large scale L. Here x is the so called global

x
variable and y = — is its respective local variable. Let us denote with €Y; the microscopic
3

x
periodicity cells. Then after the change of variables y = —, each microscopic periodicity

cell €Y; with characteristic length [ transforms into the upscaled periodicity cell Y; with
characteristic length L. Then we translate each cell Y; into a reference periodicty cell Y
via the translation 7;:

Ty =y +& (2.8)

where &; is a given constant vector for each cell Y;. It is clear that the characteristic length
of the reference periodicity cell Y is also L. From now on, unless specified otherwise, we
will say that a function g(z,y) is Y-periodic in the y variable if g(z,y + L) = g(z,y), i.e. if
g(x,y) is periodic in y with a period equal to L (the characteristic length of the reference

periodicity cell V). Therefore we have that a.(z) = a <£> = a(y) is Y-periodic function
£

in y. We look for the solution of (2.7) in the form of the following two-scale asymptotic
expansion:

us(z) = ug (x, g) + euy <x, g) + %y <$, g) (2.9)

x
wher all the terms ug, u; and uy are Y-periodic in y = —. We want to investigate the

€
behaviour of the PDE (2.7a) when € — 0. Now we plug the asymptotic expansion (2.9) in
1
(2.7a) and taking into account that V =V, + -V, we obtain
€

- (vx + évy) - <a(y) (w + évy) (o, y) + cur(z, ) + s, y))) ) =

1 1
_ (Vx + gvy) . (a(y) (gvyuo + Vug + Vyul +eVu + €Vyu2 + 52Vﬂcu2)) = f(I)
(2.10)



which is equivalent to

539y (00) Vo) = 2V, (0ly) Voo + aly) V1) ~
J12) = €V, (a(y) Vews) = 2.+ (aly) V) -

—Vy - (aly)Vour +aly —e
yu1) — eV - (a(y)Vour + a(y)Vyus) + O(?) = f(z)  (2.11)

A%
—V. - (a(y)Vyug + a(y)V
Finally we obtain

5V, (@) V) -

2

_é [Vy - (a(y)Vauo + a(y)Vyur) + Vo - (aly) Vyuo)] —

—¢° [Vy (a(y)Veur + a(y)Vyus) + V. - (a(y)Veuo + a(y)vyul)] +

+O0(2) = f(x) (2.12)

Since the latter equality must be true for each x € €1, we equal like powers of . This way
we obtain the following equations for ug(z,y) and the first and second order correctors
u(z,y) and us(x,y) respectively:

e ?: =V, (a(y)V,yuo) =0 (2.13a)
e~ [V, (aly) Vatio + a(y) V1) + Vs - (aly) V)] = 0 (2.13b)
e’ = [V, (aly)Vawr + a(y)Vyuz) + Vi - (a(y)Vauo + a(y)Vyu)] = f(z)  (2.13¢)

2.1.1 Order 2

We obtain the following equation for ug(x,y):
9, (aly)Vyu0) =0, (5,y) € [2 % V] 2.14)

and we will show that ug is a function only of x.

We want to solve equation (2.14) with respect to the y variable, assuming that z is a given
constant. Therefore we write the weak formulation of equation (2.14) and after applying
the divergence theorem we obtain

— [V @ V) o) dy = 0. Vo) € (1) =

/ Y, - (0)a(y)Vyue) dy — [ aly)Vyus - Vyody =0, Voly) € HL(YV) >

per

a(y)Vyug - Vyudy =0, Yo(y) € H., (V) <

per

~
<—

—/a(y)vyuo Vyvdy =0, Yo(y) € Hy,(Y) (2.15)
v



In the latter equality we have that /v(y)a(y)vyug -nds = 0 due to symmetry ( we

oY
assume that the reference periodicity cell is symmetric, see Figure 2) and periodicity (we

have periodic microstructure, i.e. all the functions v(y), a(y) and ug(z,y) are Y-periodic
with respect to the y variable which means that these functions take equal values on the
opposite sides of the periodicity cell Y and the unit normal vectors n are collinear but
pointing in opposite directions). Therefore for the weak formulation we obtain

/a(y)Vyuo Vyody =0, Yo(y) e H,,(Y) (2.16)
Y

Since (2.16) is true for each Y-periodic test function in H'(Y), we can take as test function
v(y) = up(z,y) (assuming x is constant) and thus we obtain

/a(y)vyuo -Vyupdy =0 <= (2.17)

Y

Ogja(y);<ng)2dy=0 (ay) > 0,Vy €Y) <

2
(8u0> =0, Vi<

yi
ZZO =0, Vi<
uy = ug(x) (2.18)

which means that uy does not depend on the y variable.

Y.

=

A single microscopic periodicity cell

Figure 2: Periodic media

2.1.2 Order ¢!

We have the following equation for the first order corrector uy(z,y):

—[Vy - (a(y)Vauo + a(y)Vyur) + V- (aly)Vyue)] =0 (2.19)



where V,uo(z) = 0 and therefore the latter equation becomes
Vy - (a(y)Vaeuo + a(y)Vyuy) =0 (2.20)
which is equivalent to
Vy - (a(y)Vyum) = =V, - (a(y) Vauo) (2.21)
Now we seek the solution u; in the following form
uy(z,y) = Vyug - ¢ (2.22)

where ¢(y) = (¢1(y), v2(y)) is a vector function. Thus
8U0
2.23
Z 52, @ (2.23)

And we obtain that u; = V,ug - ¢ is a solution of (2.21) if and only if the Y-periodic
functions ¢;(y) satisfy the following auxiliary cell problems

da

—V, - (aly)Vyei) = o i=1,2yeY (2.24)
2.1.3 Order &°
From (2.13c) we have
—V, - (a(y)Viur + a(y)Vyus) — Vy - (a(y)Veue + a(y)Vyur) = f(x) (2.25)

Now we integrate both sides of the equality over the periodicity cell Y and we divide by
the measure of Y

v /V Y)Vaur + a(y)Vyus) dy—
|Y| /V Y)Vauo + a(y)Vyu) dy = f(z) <=
—may (a(y)Vur + a(y)Vyus) -nds —

- S
v~

=0

_i/vx (a(y)Vauo + a(y)Vyuy) dy = f(z) <=

_ L / V. (aly) Vet + aly)Vyu) dy = f() (2.26)



8’&0

We substitute u; = oz,

——¢;, and we obtain

2

—%/Vm : (a(y)vzu() + a(y) Z ZZS (@%%) dy = f(v) =

v =1

1

S v
Y]

1
Y]

1 8u0 _, aUO
_mvx. (/a(y) dy) Z 8%

V-

Y
1 2. Ou
L. 2\ [aweidy+ [awViedy | | = f) =
‘Y‘ 1 axz
= Y Y
Za‘“ /()(éw Yy | | = 1) (2.27)
0w, \ [y] ) CYNET Ve A= '
where
D1 &Pl)
e +V 14+, = 2.28
1 ygpl ( ayl ayQ ( )
- 2 Opa
=(=—,14+4 =" 2.29
G+ Vo= (G214 52 (2.29)
ﬁuo 1
> oz, (T/Q(y) (i + Vyi) dy) =
Y
1 6‘901> 1 / 3
— 1+—-—|d — — 0
v a(y) < o0 ) Y V] a(y) i ug
y Y 0r,
_ (2.30)
3901 1 / ( 8902) dug
— [ a 1+—=]d —
|Y|/ Vo™ ¥ J W) Y\ o,
Thus we obtain the homogenized problem
—V. - (agVeug) = f(z), x€Q, (2.31a)
up(x) =0, z €N (2.31b)
where the homogenized coefficient ay (constant) is the following tensor
Iy
aH z] 1 |Y|/ (’Lj ](y)) dy (232)



2.1.4 Numerical Experiment
e O =10,1] x [0,1]
e YV =10,1] x [0, 1]

e We take a(x) = cos(32mx;) cos(32mz2) + 1.1 > 0 and f(z) = 16

1
@ £ = —
16
DB: u0f1.vtk DB: u0f2.vtk
Cycle: 1 Cycle: 2
Pseudocolor Pseudocolor
5 e
0.09263 0.09263
—0.04631 —0.04631
0,000 0.000
-0.04631 ~0.04631
~0,09263 ~0.092¢
Max: 0.09263 Max: 0.09263
Min; -0.09263 Min: -0,09263
Y Y

Figure 3: Solutions of the Cell Problems

DB: u0f3.vtk DB: u0f4.vtk
Cycle: 3 :

06083

03042

0000
Max 1217
Min: 0600

(i -

(a) Homogenized Solution (b) Exact Solution

Figure 4: Homogenized Solution and Exact Solution



3 Some Test Problems

3.1 Nonlinear Elliptic Problem: Straightforward Approach

We consider the following nonlinear equation with periodic coefficient:

—V - (ac(z,u.)Vu.) = f(z), ze€Q=][0,1] x [0,1] (3.1a)

u-(x) =0, x €00 (3.1b)
where

o a.(x,u;) >0, Ve € Q (ellipticity condition), and we assume that a.(x, u.) is a smooth
function Vz € Q

o c=1/L
e [ - characteristic length of the macrodomain €2

e [ - characteristic length of the periodic microscale structures
x

o a.(zr,u(r)) =a (—, u5> is an oscillating coefficient with period L
€

e We assume the following asymptotic expansion for the function w.:
x

us () = up(x) + euy (m, §> + e%uy (x, E) . Y =—
5 5 €
e a(y,u:) = a(y,uy) + O(e) for smooth functions a(y, u.) (Taylor series)

e We also have that the functions a(y, u.), ui(z,y) and us(z,y) are Y-periodic in the
y variable

3.1.1 Homogenization: Order !

After we plug the asymptotic expansion of u. in (3.1a) and we identify equal powers of ¢,
for order e we obtain the following equation

Vy - (aly, uo)Vyur) = =V, - (a(y, uo) Vo) (3.2)
From (3.2) where we obtain that

2
(9u0

u(z,y) = x(y) 5, (@) (3.3)

=1

where the Y-periodic functions x;(y) are the solution of the following auxuliary cell
problems:

V- (aly, uo(z))Vyxi) = —S—Zl(y,uo(:c)), yeY, [1=1,2 (3.4)

Therefore we have to solve the cell problems for each integration point x € ).
We apply periodic boundary conditions on 9Y (see Figure 5)

val : n|AD == val . nlBC
Vyxi-nlap = Vyxi - nlep



and in order to fix the solution we impose

/Xz(y) dy =0

Y

Figure 5: Solution Domain of the Auxiliary Cell Problems

3.1.2 Homogenization: Order &°

From the order €° equation we obtain the homogenized problem

=V - (a*(up)Vug) = f(x), x€Q

up(z) =0, x €N

where a*(ug) is the following tensor:

3.1.3 Numerical Experiment

We solve the following test problem:
o —V - (a.(z,u.)Vu,) = f(x), ze€Q=10,1] x[0,1]
o u(r)=0, x€d
o a.(z,u.) = k.(z)u? + 1 > 0- ellipticity condition, where
o k.(z) = cos(32mxy) cos(32may) + 1.1

. fla)=5

(3.5a)

(3.5b)

(3.6)

e We have L = 327 and | = 27, and therefore ¢ = 1 = 0.0625, and we have 256

16
periodicity cells

e Since the auxiliary cell problem depends on the macrosolution ug(z), we have to
solve the cell problem for each integration point = in the macrodomain and at each

Newton iteration

10



Note: From now on in all the numerical experiments we will refer to the numerical solution
of the full microscale model as to the ”exact solution”.

Nodes | Periodicity Cells | Time | Max | Min
Homogenized Problem | 289 256 681s | 1.163 | 1
Cell Problem 2113
Exact Solution 65536 256 T4s | 1.173 | 1
g oo

ar,
1163

1122

1082
1041

1000
Max: 1,163
Min: 1,000

user: nakova
FriJun 110:16:33 2012

(a) Homogenized Solution

4

il N

T - Axis
* nakova

Tue Jun 5 11:42:20 2012

(b) Exact Solution

Figure 6: 289 Nodes for the Homogenized Problem and 2113 Nodes for the Cell Problems

Nodes

Periodicity Cells

Time | Max | Min

Homogenized Problem | 289

256 125s | 1.163 | 1

Cell Problem 545

Exact Solution 65536

256 74s | 1173 ] 1

DB: uOf1.vtk
Cycle: 1

Pseudocalor
ar G
1163

1122

1082
—1.041

1000
Max: 1,163
Min: 1000

user: nakova
Fri Jun 110:20:25 2012

(a) Homogenized Solution

DB: uOf1.vtk
Cycle: 1

Pseudocolor

Ggiocoe
L

—1.125

.»“m
.

1.000
Max: 1.166
Min:' 1.000

: nakova
Tue Jun 5 11:42:20 2012

(b) Exact Solution

Figure 7: 289 Nodes for the Homogenized Problem and 545 Nodes for the Cell Problems



Nodes | Periodicity Cells | Time | Max | Min
Homogenized Problem | 289 256 36s | 1.163 | 1
Cell Problem 145
Exact Solution 65536 256 T4s | 1.173 | 1
DB: uOf1.vtk DB: uOf1.vtk
Cycle: 1 gche 1

Pseudocalor
ar o
1163

1122

1082

—1.041

user: nakova
Fri Jun 110:20:51 2012

(a) Homogenized Solution

1 :
AL-AXxis
akova

n
Tue Jun 5 11:42:20 2012

(b) Exact Solution

Figure 8: 289 Nodes for the Homogenized Problem and 145 Nodes for the Cell Problems

Nodes | Periodicity Cells | Time | Max | Min
Homogenized Problem 81 256 3ls | 1.1565 | 1
Cell Problem 545
Exact Solution 65536 256 74s | 1.173 | 1
DB: uOf1.vtk DB: uOf1.vtk
Cycle: | Cycle: |
gl -

1116

1077
1039
1000

Max: 1,155
Min: 1000

user: nakova
Fri Jun 110:21:44 2012

(a) Homogenized Solution

—1.125

.m3
.
1.000

9.0
i
A7 -Axis 11‘1@
: il P
AL -Axis

nakova
Tue Jun 5 11:42:20 2012

(b) Exact Solution

Figure 9: 81 Nodes for the Homogenized Problem and 545 Nodes for the Cell Problems

As we can see from the numerical results above, the computational time needed
for solving the homogenized problem is larger than that needed for the full microscale

12



simulation. This is due to the fact that the considered problem is nonlinear and we
have to solve a cell problem for each integration point x € €2. In the case of nonlinear
problems different optimizations and simplifications can be done in order to reduce the
computational time. We will not discuss here this topic.

3.2 Nonlinear Elliptic Problem: Case Specific Optimization

We solve the following problem:
-V - (ac(z,uc(z))Vue) = f(x), x€Q=10,1] x[0,1] (3.7a)
us(z) =1, x €09 (3.7b)
3.2.1 Cell Problem

The Y-periodic function x;(y) is the solution of the following auxuliary cell problem:

. 8a<y7 UO)

V- (a(yauo)val> = o

, 1=1,2 (3.8)
which is equivalent to
0
Vi (k)u@)Vix) = =5 (ky)u(@), 1=1,2

ug(2)Vy - (k(y)Vyxi) = —Ug(l‘)—l(y), [=12 (3.9)

V- (k(y)Vyxi) = [=1,2 (3.10)

_8_yl(y)’

This means that we do not have to solve the cell problems for each point = € Q of the
macrodomain, but only once. Thus, due to the specific form of the coefficient a.(z,u.) we
are able to entirely decouple the macro and the micro scales and to reduce significantly
the computational time.
3.2.2 Homogenized Problem
We obtain the following homogenized problem:

=V - (a*(up)Vug) = f(z), z€Q (3.11a)

up(z) =1, €00 (3.11Db)

13



where the homogenized coefficient a* is given by

we  calculate  this integral only once

3.2.3 Numerical Experiment

We have the following setting for our test problem:
e 0 =10,1] x [0,1]
o a.(z,u.) = k.(2)u?

o k.(x) = cos(32mxy) cos (32mxy) + 1.1

o [(2)=5
e ¢ =0.0625
Nodes | Periodicity Cells | Time | Max | Min
Homogenized Problem | 289 256 0.27s | 1.282 | 1
Cell Problem 145
Exact Solution 16384 256 22s | 1284 1

DB: uOf1.vtk DB: uOf1.vtk

(3.12)

Tue Jun 5 11:04:48 2012

(a) Homogenized Solution (b) Exact Solution

user: nakova
Tue Jun 5 11:00:11 2012

Figure 10: 289 Nodes for Solving the Homogenized Problem and 145 Nodes for the Cell

Problems
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DB: u0f1.vtk
Cycle: 1
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(a) Homogenized Solution

Figure 11: 289 Nodes for Solving the Homogenized Problem and 145 Nodes for the Cell
Problems: Side View
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Cycle: 1
Pseudocolor

&nw

1142

—107

1000

(b) Exact Solution
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Nodes | Periodicity Cells | Time | Max | Min
Homogenized Problem | 1089 256 0.98s | 1.286 | 1
Cell Problem 145
Exact Solution 16384 256 22s | 1284 1
DB: UOf1.vtk DB: uOf1.vtk
Cycle: 1 chLe 1

Pseudocalor
var.u
1286

—1214

1143

107

Figure 12: 1089 Nodes for Solving the Homogenized Problem and 145 Nodes for the Cell

Problems
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(a) Homogenized Solution

(b) Exact Solution
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(a) Homogenized Solution (b) Exact Solution

Figure 13: 1089 Nodes for Solving the Homogenized Problem and 145 Nodes for the Cell
Problems: Side View

Nodes | Periodicity Cells | Time | Max | Min
Homogenized Problem | 1089 256 1.05s | 1.287 | 1
Cell Problem 545
Exact Solution 16384 256 22s | 1284 1
DB: UOf1.vtk DB: uOf1.vtk
Cycle: 1 chLe 1

Pseudocalor
var.u 3
1287 1.264

1215

1144

user: nai

kova
Tue Jun 5 11:00:11 2012

user: nakova
Tue Jun 511:13:202012

(a) Homogenized Solution (b) Exact Solution

Figure 14: 1089 Nodes for Solving the Homogenized Problem and 545 Nodes for the Cell

Problems
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4 Lithium-ion Batteries: Mathematical Model

We consider the microscale mathematical model derived in [8].
We use the following notation:

e () - domain of the whole battery cell
e 0f) - boundary of (2

e (), - domain of the electrolyte

(), - domain of the anode active particles

0f), - boundary of €2,
e (). - domain of the cathode active particles
e 02, - boundary of €,

e O, =Q,U, - domain of the solid active particles

4.1 Equations of the Electrolyte

The equations of the electrolyte phase couple the concentration ¢¢ of lithium ions and the
potential ¢¢ in the electrolyte and they have the following form
oce
ot

V(B (VY + KL V) =0, xEQ, (4.1a)
—V - (K ()Y + kS, Vee) =0, z€Q, (4.1b)

where for the coefficients we have

e (& e RT (t )2[{/6
kii(cf) = D + N2l +ce (4.2a)
|
ko = K°— 4.2b
12 = F g ( )
e e RT k°t
k3 () = T C; (4.2¢)
kS = K° 4.2d
22

with
e ¢° - concentration of Li+ in the electrolyte
e ¢° - potential in the electrolyte
e k°-ion conductivity

e De-interdiffusion coeflicient
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4.2 Equations of the Solid

The equations describing the transport of Lithium ions and charge in the solid active
particles are
oc’
ot

-V (D°Ve') =
—V - (K°V¢*)

0, z € (4.3a)
0, z € (4.3b)

where
e ¢’ - concentration of Li+ in the active particles
e ¢° - potential in the active particles

D?-ion diffusion

k°-electronic conductivity

We make no distinction between anode and cathode active particles since the equations
describing the electrochemical processes in both type of particles are identical. We only
have different values for the diffusion coefficient D*® and the electronic conductivity x°.

4.3 Interface Conditions

The ion flux and the electrical current in the electrolyte are respectively:

N¢ = — (kf;(c°)V© + k5, Vo©) (4.4a)
J° = — (5, () Ve + k5, V) (4.4b)

The ion flux and the electrical current in the active particles are respectively:

N* = -D°V¢? (4.5a)
J' = —K*V¢* (4.5b)

We have the following interface conditions, which are imposed on the boundary between
the active particles and the electrolyte:

Ns'ns :Ne'ns :N(Cicsque’qss)’ rey (46)
Jng=J%ng = J(c5 0% 0°), xeE (4.7)
The unit normal vector ng points in the direction from the solid particles to the electrolyte.

where v is the interface boundary between the solid and the electrolyte and the current
densities N and J are given by:

N = %\/CECS (€5 0w — C°) exp2Rr — expgTF;] (4.8)
J =FN (4.9)

o = ¢° — ¢° — Up(c®), where Upy(c®) is the open circuit potential

18



4.4 Boundary Conditions

With w; and wo we denote the outer anode and cathode boundary walls as shown in Figure
15. On the anode particles boundary w; N 0§, we impose constant potential ¢* and on

the cathode particles boundary ws N 0€).. - constant applied current.

e Dirichlet boundary conditions:  ¢*(x) = Ef = const, x € wy NI,

e Neumann boundary conditions:

(k°V¢®) -n = E5 = const, x € wy MO
Ve -n=0, z€{wNi}U{w N}
Nen=J°n=0, z¢€0dN
N°n=J"n=0, z¢€dW\{w Uwy}

w

/2

Cathode

Anode Eldctrolyt

Figure 15: Battery Cell

5 Homogenization of the Li-ion Battery Model

We consider periodic arrangement of the active particles as shown in Figure 16 ([11]). As
a single periodic cell we consider a cubic block consisting of one active particle surrounded

by electrolyte as shown in Figure 17.

DB: cOf12.vtk
Cycle: 12

Pseudocolor
Var: concenfration
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. 0002795

—0.002636
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Maix:
Min: 0.0008379

Pseudocolor

F user: faralov

v FriNov 2 11:34:33 2012

Figure 16: Battery Cell
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DB: cOf1.vtk DB: cOf4.vtk
Cycle 1 Cycle 4

T {-e Vs
!

/

.4

(a) Electrolyte (b) Solid

Figure 17: Geometry of the Periodicity Cell

We start by defining the model equations in the whole domain Q = Q, U, Q € R?

0 (x“(x)c)

ot (k:ll(x,c )VC + k:12(x)ng5e) e
(k‘gl( )VC + kgg(l‘)VQbe) x € Q
%t)) V. (D(@)Ve) =0, €0
V. (k(x)Ve®) = z € ()
with the boundary conditions:
e Dirichlet BC:  ¢*(x) = Ef = const, x € w,
e Neumann BC:
(k(2)Ve®) - m = Ey(z) = X*(z)E3, = €w
Ve -n=0, z€w Uw
N n=J°n=0, ze€d
where
ey __ e e ey __ k(fl(ce)> ere
bl ) = v ) = { g1 1D
. . kiy, € 82
bale) = )ty ={ g £ €
. . ¢ /e kS (c?), x €
i) = (o) = { g1 1D
. e | k3, €€
koo () = X (2)k3, = { 0, zeQ,
s s )0, xef
R s
s s 0, xeq,
o) = o ={ % TED
and



s 0, e,
X'(z) = 1, e

5.1 Asymptotic Analysis
We use the following notation

e [ - characteristic length of the electrodes

e [ - characteristic length of the active particles which in our case we consider to be
the diameter of the ”spherical-like” particle shown on Figure 17

l x
° c = T — 0, y = —, periodic structure with a reference periodicity cell Y = FU S,
€
where

e Y ~ L, ie. the characteristic length of the reference periodicity cell is L

e FE - electrolyte domain in the reference periodicity cell

e S - solid particle domain in the reference periodicity cell

e [ - interface between the electrolyte and the particle in the reference periodicity cell

Now we write the problem in terms of a dependence on the small parameter € and then we
want to investigate the behaviour of the partial differential equations when € goes to zero.

o0cl@)e) V- (ke (2, VL + (Fia)e(2) Vo

T ) =0,
=V ((ka1)e(w, c2) Vg + (k) (2) VL) = 0,
d (xi(w)c?) o _
SN -9 (D.(a)Ve) =0,
V- (ke (2) V) = 0,

with the following boundary conditions
e Dirichlet BC:  ¢%(x) = Ef = const, x € w,
e Neumann BC:

(ke () V62) -1 = E5(x) = () B5 = x* () B,

Vel-n=0, z€w Uws

Ni-n=Ji-n=0, z€0d

and interface conditions

— ((F11)e Vel + (F12):V@E) - ng = N, 7€,
— ((K21): Vg + (ko2) VL) g = T, 7 €7
—(D.VeE) ng =N, z €.
—(keV@D) ns=T., w€N:

where

21
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z €

z €N

z €

xr € Wy



'/V-E :N(Cg, :’ 5,02) and
J: = j(C:, :7 chg) and

(k11)e(w, cg) = ki (g, (i) = ki (y, ) = x“(y)k{;(cg), where x°(y) is Y-periodic in y

and therefore ki1 (y, ¢) is also Y-periodic

X“(y) = { (1) yyeeg : (5.13)
X°(y) =1-x(y) (5.14)

:E . . .
o (k2)o(x) = iz (2) = kaaly) = X ()i, Y-periodic in y

(ko1)e(z, ¢8) = ko (E, c§> = ko1 (y, ¢£) = x°(y) kS, (cf), Y-periodic in y

x . . .
o (kx)(z) = ko <g> = kaa(y) = X“(y)k5,, Y-periodic in y

D.(x) =D <£> = D(y) = x°(y)D?, Y-periodic in the y variable

x*(y)r®, Y-periodic in the y variable

[ ]
N
[0}
&
I
X
|
N—
I
2
N
I

5.2 Microscale Solid Equation for the Concentration ¢’

The diffusion of Lithium ions in the active particles is much slower than the diffusion of
ions in the electrolyte. Therefore we do not upscale the equation for the concentration
¢® of Lithium ions in the active particles since the behaviour of the function ¢® can be
captured adequately only on the microscale. Thus on the microscale we solve the original
microscopic equation for the concentration ¢® of Lithium ions in the active particles given
in scale invariant form in terms of the variable y € S:

et D
(‘3_Ct -V, (gvyc5> —0, yes (5.15a)
Ds S 1 e S (& S
—gvyc ‘g = ZN(CO,C ,¢0,¢0), Yy < r (515b)

, where we have

e [ - the interface boundary between the electrolyte and the particle in the reference
periodicity cell Y

e Periodic boundary conditions on 9S\I', i.e. on the boundary of the solid particle
where the particles are connected
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5.3 Asymptotic expansion of the functions ¢, ¢¢ and ¢°

We suppose the following asymptotic expansions for the functions c¢, ¢¢ and ¢;:

o c(x,t) =cj(x,t) +ec] (m, g,t) + e2cg (x, g,t)
t) e (n 2o1)
t) et (n 2o1)

o Gie,t) = gila,t) + 25 (2.,

m|&3 ml&
mIH mIH

o 6ila.t) = 63w, t) + 267 (o, .

X
.y:g

1
«V=V.+_V,

where we assume that the functions cf, qbg and ¢ depend only on the macroscopic (slow)
x

variable x and the functions cf, ¢, ¢, 95, @], @5 are Y-periodic in the y = — variable, where
€

Y is the reference periodicity cell.
For y € Y, provided that k{; is a smooth function of ¢® in E, and using Taylor series, for
the nonlinear coefficient ki1 (y, ¢¢) for ¢ — 0 we obtain:

kll(yv Cg) = kll (y7 CS(I’,t) + €C§(l‘,y7t)) =
Ok . . 0%k
= ku(y, Co) +eci—— Oee = (y, co) + 52(01) B(ce)? 1)1 (Y, Co)

= ki (y,cg) + O(¢e)

where
o0k$,
e e e e a8 o E
Ok _ (X (y)ki1(c)) —x (y)akll _ oce ye
Oce Oce Oce
0, yes
Therefore

k11 (y, Cf;) = k11(y, c5) + O(e)

By analogy for the current density N, we obtain:

N =N (cE, %, 82, 92) = N (g +ecf, ¢, ¢f + e8], g + €)=
ON
= N(CS’ Csﬂ ¢(e)> ¢(SJ) + €C§% (087 087 ¢87 ¢(s)) +

ON ON
+ 5¢1 a¢ (007 7¢07 ¢0) + 5¢1 8@58 (CO7 7¢8’ Q%) =

=N (c§, ¢, ¢5, ¢3) + O(e%) (5.16)
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with o > 1.
Finally, we obtain

k11 (y, c£) = ku(y, cg) + O(e) (5.17)
ka1 (y, cg) = ka(y, c5) + O(e) (5.18)
N, = (ce,c gbg,qbs) =N (¢, ¢, o5, ¢3) + O(e%) (5.19)
J. = J (¢, ¢2) = J (cg, ¢, ¢, 9p) + O(e”) (5.20)
We denote
No = N (eg, €%, 95, 95) (5.21)
Jo =T (¢, ¢, &5, ¢) (5.22)

5.4 Homogenization of the Interface Conditions

First we show that the total flux over the interfaces is preserved over a change of the total
interface surface. A similar idea is applied in [1] and [2] in order for the total flux across
the interfaces to be properly scaled.

We use the following notation:

® 7 =, U, -the interface boundary, where

e 7, - the interface boundary between the anode active particles and the electrolyte

e . - the interface boundary between the cathode active particles and the electrolyte

Let us consider the equation for ¢° in the cathode where we apply constant current.
-V - (k°V¢*) =0, z € (5.23)

We now integrate both sides of this equation over the domain of the cathode particles and
we use the divergence theorem:

/ V- (K'V¢*) dr =
Qe

/ —k°Vo¢® -nds =0 <

0
/jds+ / Eids =0«
Ye

w2NOe
/st:— / Ejds <
Ye W2man
/jds = —|wy N ON|Es (5.24)

Ve

Since Fj3 is constant, if we keep the measure of wy N OS2. constant, regardless of the interface

surface, the total flux in the cathode I = / J ds is a constant and does not depend on €.
Ve
We will show that, indeed, the measure of ws N €. is constant with respect to €. In the
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case € = 1 we have only one particle in each electrode and thus only one periodicity cell
which concides with the whole electrode. Taking into account the type of particles we
consider (see Figure 17), it is clear that the intersection of a single particle with the outer
battery cell boundary wy or ws, is a circle. Let us denote the radius of this circle for ¢ =1
with R;. Therefore for the measure |wy N 0S| we obtain (see Figure 18)

S = |wy N O = 7R? (5.25)

With L we denote the length of the electrode. Now let us decrease € in such a way that
we decrease the length of the periodicity cell twice. This means that in each electrode we
have 8 periodicity cells and thus 8 active particles. The side length of each periodicity cell

is then —. Let us denote with R, the radius of the circle obtained from the intersection of

the cathode particle with the outer boundary wy (see Figure 18). Then the total surface
area |wy N OQ,| is

Sy = |wy N OQ,| = 47 R3 (5.26)
Now taking into account that
Ry Ry
2
we obtain that
R
Ry = — (5.28)
2
and
R2
Sy = 47rzl =R} =5 (5.29)

Consequently we obtain that the measure |wy N 98| does not change when we uniformly
decrease ¢.
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(a) e=1 (b) e=0.5

Figure 18: Cathode outer boundary

From equation (4.1b) we obtain

/V-Jed:v:()(:)
Qe

/Je'nds:0<:>
Qe

/Je-nds+/.]€-nds:0<:>

[2)9] o
=0

—/Je-nsds=0<:>

5
/jds:0<:>

5
/jds—k/jds:O(:)
Ya it

/jdsz—/jds
Ya Ye

(5.30)

From here it follows that since the total flux in the cathode is equal to the total flux in
the anode, then the total flux in the anode is also constant with respect to e. We also
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have from (4.9) that 7 = FA and consequently we obtain that

/Nds——/jds (5.31)
/Nds-—/.jds (5.32)

which means that also the total ion flux in each electrode is a constant.

Let eI’ be a parametrically defined surface in 3D (the three dimensionsional Euclidean
space). Then we have the following formula for the change of variables: ©z = ey

/ fz)ds, = €° / 9(y) ds, (5.33)

where

f(x) = f(x(y)) = fley) = 9(y) (5.34)
and the surface I" transforms into the surface I' after the change of variables.
Let us denote with ¢Y;, i = 1,2,..., M the periodic microscale cells where €Y; = ¢E; U

eS; Uel'; with e E; being the electrolyte part of the periodicity cell, €S;-the solid part, and
el';-the interface boundary between the solid and the electrolyte. Then with Y; we denote

x
the upscaled periodic cells after the transformation of coordinates y = —. Consequently we

have that Y; = E; U S; UT';. For each upscaled periodic cell Y; we mak% the translation 7;:
Ty =y+§ (5.35)

so that
Y, Ty (5.36)

where Y is the reference periodicity cell, which consists of electrolyte domain E, active
particle domain S and interface boundary I', i.e. Y = EUSUT. We also note that &; is a
constant vector for each periodicity cell Y;. Therefore we have that

/ o(y) ds, / h(y') dsy (5.37)

I'; r

where

9) =9 =9y — &) = h(y) (5.38)

Let us consider the asymptotic expansion of the function c¢:
(x) = c§(z) + ecf (:U, g) + &%¢§ (x, g) =
= ci(ey) +eci (ey,y) +£°¢5 (ey,y) =
= Cily) +eCi(y) +°C5(y) = C2(y) (5.39)
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where we denoted

Co(y) = c5(ey) (5.40)
Cily) = ciley,y) (5.41)
C5(y) = 5(ey, y) (5.42)

By analogy, we obtain similar expressions as (5.39) for the functions ¢¢ and ¢;.
After the change of variables ' = y + & which is equivalent to y = 3/ — &;, we denote

5(y) = Cily) (5.43)
(y) = Ci(y) (5.44)
5(y) = C5(y) (5.45)

and we obtain

cE(w) = Cely) = Cily) + <Ci(y) + £2C5(y) = Co(y) + eCi(y) + 2C5(y) = Ce(y))

(5.46)
or equivalently
ct(x) = Cely) = Cely) (5.47)
By analogy, for the functions ¢¢(z) and ¢?(x) we obtain
¢c(x) = PL(y) = P(y) (5.48)
¢2(x) = D:(y) = 2:(y) 5.49)
For the concentration ¢*® of ions in the particles we have
¢*(x) = C*(y) = C() (5.50)
For the current density we use the following notation:
Ne =N (c€(x), (), ¢E(), ¢X(x)) = fa(x) (5.51)
(5.52)

Therefore after the subsequent changes of variables © = ey and v’ = y + & we obtain

Ne = N (), (00, 9(2), 622 = 1) =
N (C2w).C*(0). P2(0). 22(0)) = 0:(0)
=N( (), (), Be(y), B2(y))) = he(y) (5.53)

-~

where we denoted

9:(y) = N (C:(y), C*(y), P<(y), Pi(y))

he(y) = N (Ce)), C(), By, B2() ) (5.54)
We denote with cI'; the interface boundary for each periodicity cell €Y; and with

M

ell = Zefi the whole interface boundary in the electrode (if we follow the already
i=1
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introduced notation for the interface boundary, namely v = ~, U 7., and taking into
account the dependence on €, we should use here 7 and 7%, but we use instead the eI’
notation for simplicity). The number of all the microscopic periodicity cells in the electrode
( which is a cube with length of the side L, or a parallelepiped with a charcteristic length

3
of the sides L, then the total number of periodicity cells is of order 5_13 = (%) ) is
3

M ~ £ :l. This means that M ~ O l .

l 3 e3
We showed that the total flux I across the whole interface boundary must be preserved,
i.e. must be the same, no matter how many active particles we have in the electrode
(provided that we impose the same Neumann and Dirichlet boundary conditions on the
outer cathode and anode boundaries). This is due to the fact that all the outer boundaries
of the battery cell are insulated except for the cathode and anode boundaries w; and w-
where we apply constant potential and constant current respectively. Therefore the total
flux across the interface must be the same constant if we have one, two, or thousands of
particles, i.e the total flux must not depend on ¢.
Then for the total flux across the whole interface boundary eI' in the case of multiple
active particles, we obtain

I = /— ((k11)-V g + (k12):V@?) - ngds, = //\/E ds, =
el

sl;‘w y
=3 [Nt =Y [ A (). o) o), 62(0) s,
Zzlsfi Z‘:laFZ—
M M
=3 [ rwds =32 [ ot is, =
ZZlEFf i=1 L
M M
=) ¢ sy | =S [ he(y)ds, | =
2216 1[9 Y) asy izléf F/ Yy Sy
N |
= ; (52F/h5(y/) dsy | = = 62F/h5(y)dsy/ =

zel/he(y/) dsy (5.55)

ha(y') = O(e) (5.56)

But we have that

Ne = N (c(), (), ¢L(x), 92(x)) = fe(x) = g:(y) = he(¥/)

and consequently

Nz = O(e) (5.57)
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From (5.19) it follows that

No = 0O(e) (5.58)
(we have Ao = N (¢, ¢, 6, 05) + O(e®) = O(e)(1 + O(e*™ 1)) = O(e)) Thus we obtained
that the current densities NV, and . must be of order €. On the other hand, from physical
considerations and from the numerical results from the full microscopic simulations [11] we
also show experimentally that V. and J. are of order ¢ implicitly, i.e. the current density

decreases with rate ¢ when we increase the number of particles.
Finally, for the interface conditions in each electrode we obtain:

- ((kll)svcg + (k12)8V¢§) ‘Ng = -/\/67 VS el’ ( )
= ((k21):VE + (k22):VZ) mg = T, weel (5.60)
—(D°Ve®) ng =Ny, z€eTl (5.61)
) ng =T, x€el ( )
Thus for the homogenization of the interface conditions we obtain
N =N ng = — {kn (v, ¢2) Vg + kia(y) VoZ} - ns =
1
= — {k:n (y, ) (Vm + gvy) (68 +eci + 5203) +
1
+ klg(y) (Vm + gvy> <¢8 +e¢] + 52¢§)} ‘ng =

1
== {; [k (4. €6) Vo + ha(y) V5] +
+ %[k (y, ¢§) (Vac + Vych) + kra(y) (Voo + Vyo))] +

+ e[k (Y, c5) (Vac] + Vych) + kia(y) (Vad] + Vyd3)] +

+ &[]} ns (5.63)

which is equivalent to

1 1
g-/\/’a = - 2 (k11 (y, o) Vyco+ kl?(y)vy¢8) +

+ = (R (y, 5) (Vach + Vyeh) + Fia(y) (Vadh + Vyo1)) +

™ | =

+ €% (ki1 (y, ¢§) (Vac§ + Vi) + kia(y) (Voo] + Vy05)) +

+e(.)] ng (5.64)

Now taking into account that N = O(e) = N (c§, c*, ¢, ¢5) + O(e?), and consequently
1

N (c§, c%, 5, 05) = O(e), it follows that —Ny = O(1). Then, by grouping equal powers of
€
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€, we obtain

e 2 0= ki (y,cf) Vet +kia(y) Vol | -ng <= 0=0
=0 =0

et 0= [k (y,¢) (Vach + Vyeh) + kia(y) (Vadf + Vo)) - 1

1
D AN (et dh o) =
= — (k11 (v, ¢5) Vet + ki1 (v, ¢5) Ve + ki1a(y)VadS + ki2(y) Vy05) - ng (5.65)

where we account for the fact that the functions cf and ¢§ depend only on x and do not
depend on y. By analogy, from J¢ - ng = J. we obtain:

e 2 0= ko (y,c§) Vych +kan(y) Vydi | -ng <= 0=0
N—— \7,_/

=0 =0

el 0= (ka1 (v, <o) (VJBCS + Vyc‘f) + kaa(y) (vm¢8 + qubi)] ‘g

1
50 : 5\7 (CS7 057 ¢8’ ¢8) =
= — k21 (4, ¢§) Ve + ka1 (y, c5) Vycy + kaa(y) Ve + kaz(y)Vy05] - ng (5.66)

5.5 Homogenization of the Electrolyte Phase PDEs

For the time derivative 9 (xe(w)cg)

a(ng(:)Cg) _ a(X (ai)aa)) 4 O(€> We have that y € Y=FUSand z €.

9 (xé(x)co)
ot

we take the zero order approximation , l.e.
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Therefore for equation (5.5a) we obtain:

9 (x°(y)co)

o =V (k). (,¢0) Vet + (Ria), (2) V) =

— (Vm + %Vy) : {kn(y, ) (VI + évy> (c§(z,t) + eci(z,y,t) + ¢35 (x,y, 1)) +
+ kaa(y) (Vas + %Vy) (06(,1) +edi(x,y. 1) +ed5(,y,1)) | =

1 1
= (Vm + gvy) . |:]{Z11<y, CS)VICS + Ekn(y, Cg)szi + €2k'11 (’y, CS)VQUCS + gkn(y, Cg)vyCS+
+ ki1 (y, &) Vyc§ + ekin(y, ¢§) Vycs + kia(y) Voo + ekia(y) Vod] + £%k12(y) Voo +

1 e
+ gkm(y)vyd)g + k1a(y) V@ + ekia(y) Vo | =

1 e
= (Vx + gvy) ARy, c5) (Vach + Vych) + kra(y) (Vadg + Vyo7) +
+ € [k (y, c5) (Vo] + Vycy) + kia(y) (Vo] + Vye5)] +
1
+ &2 (k11 (y, ¢§) Vs + kia(y) Vads) + - (k11 (y, cg) Vycy + k12(y)vy¢8)} =

1
= gvy Ak (y, cg)Vycg + k12(y) Vyoo +

1
+ B {Va - (k1 (y, c5)Vych + ki2(y) Vy05) +

+ Vs (kn(y, 6§)Vach + ku(y, ) Vet + kia(y) Vad§ + ki2(y) Vo) } +

+ 2V - [k (y, ) Vach + ki (y, c§) Vyc§ + kra(y) Vad§ + kia(y) V,65] +

+ Ve [y, ) Vact + ku(y, §) Vycs + ki2(y) Vadi + ki2(y) Vy95]t +
+e{Va - (ki (y, §) Vact + ku(y, c§)Vycs + kia(y) Vadi + kia(y) Vyo5) +

+ V- (ki(y, ) Vacs + ki2(y) Vi) } +

+ 2V, - {kn(y, ¢§) Vacs + kia(y) Va5 } (5.67)
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Therefore from the equal powers of € we obtain:

e V| ku(y, c§) Vet +kia(y) Vyds | =0 <= 0=0 (5.68)
=0 =0

et Vao | kuly, ) Vycs +kia(y) V05 | +
=0 =0

+ V- (k11 (y, ¢§) Vach + ki1 (y, ) Vycs + ki2(y) Vo + ki2(y) Vyéf) =0 (5.69)

oct
e’ : Xe(y)a—to = Vo - [k (y, §)Vach + k11(y, c§) Ve + ki12(y) Voo + k12(y) V, 85] +

+ V- k11 (y, ¢§)VacS + ki1 (y, ) Vs + ki12(y) Vot + ki2(y) V,05)]
(5.70)

We have analogous result for the second partial differential equation from the electrolyte
system of equations:

g2 V- | kar(y, c5) Vycg +kan(y) Vyos | =0<=0=0 (5.71)
-0 -0

el V.o ka1 (y, c5) Vycg +kaa(y) Vyoi | +
=0 -0

+V, - (k21 (y, ¢§) Vg + ka1 (y, C(e))vyci + koo (y) Va5 + k22(3/)vy¢(f) =0 (5.72)
€' 0=V, [ka(y, §)Vac§ + ka1 (y, §) Ve + kaz(y)Vadf + kao(y) V0] +

+ V- ka1 (y, c§) Ve + ka1 (y, ) Vs + koo (y) Vot + koo (y) V053]

(5.73)
5.5.1 Order ¢ !: Derivation of the Auxiliary Cell Problems
We have the following system of equations for y € Y and z € (2
Vy - (k11 (y, €§) Vach + ki (y, ) Vyel + ki2(y) Vadf + ki2(y) Vo) = 0 (5.74a)

Vy (ka1 (y, €§) Ve + ka1 (y, ) Vyc§ + koo (y) Vg + koo (y)Vye5) =0 (5.74b)
which is equivalent to

Vy - (ku(y, ) Vyct + ka(y)Vyo7) = =V - (ki1 (y, ) Vacs + ki2(y) Vagy)  (5.75a)
Vy - (ka1(y, c§) Vet + ka2 (y)Vyo7) = =V - (ka1 (y, §) Vacl + k22 (y)Vadg)  (5.75b)
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with the following interface conditions:

(k11(y, cg)Vycl + k() V7)) - ng = — (k11 (y, ¢g) Vacy + k12(y) Vedp) -ns - (5.76a)

(ka1(y, co) Vycl + kaa(y)Vye) - my =

— (ka1 (Y, ) Vs + koo (y)Vas) -ng  (5.76b)
We introduce the following notation for system (5.75) of PDEs:

vy ) (K(y7 m>val> = —Vy ’ (K(y,x)va()) (577)

where we denote

— e ()
K:(k’gl k?gg)’ U1: ) UOZ )
¢5(z,y) o()
Vel V.co
V1/(]1 = 5 vaO =
Vo V.95
e Some Notations
— Divergence of a vector whose elements are vectors
v vi(y) \ _ [ Vy-u
" =
v2(y) V- g
— Scalar product of matrix and vector
aijr ... Qip (an, Ce ,a1n> -V
A-v= V=
Qn1 Ann (anla s 7ann) "V
— Divergence of a matrix
ai; ... Qip Vy . (CLH, e ,a1n>
V,-A=V,- = e
pl . Gy, Vy - (ani, -, ann)

Let w(y) be a matrix 2 x 3 whose elements are functions of y, i.e.

w(y)

(wl(y) ) B wi1(y) wiz(y) wiz(y)
wa(y)

wa1(y) waz(y) was(y)
where

Then we define the scalar product

e
V€

vz¢8 Wa (y) vz¢8 T W2



Now by analogy with the scalar case, from the equation V, - (KV,U;) = -V,
we look for the solution U (z,y) of this equation in the following form

Ui(z,y) = V.U - w(y)

Now by definition we have that

a e
Z ﬁvywli
Vy (Ve - wr) i=1 Oz;
val — =
Vy (Vo0 - ws) 5 e
> 5, Vi
We denote
oce
i = al’(i vyu)h
ol
bi 8—Q£V?JU)2Z
Therefore
3
>
VyUl - iél
>
i=1

Then we have that

k12
k22

a;

bi

kll
k21

f(5)-n () (

b =1 7

KV,U, = K

=

- sk
i M el w
_ —

ky1a; + ki2b;
kora; + kaob;

where

- (K'V,Uy)

(5.78)

):

3
)- g
=1

Now, after we substitute U;(z,y) with V, U - w(y) in the equation V,, - (K(y,z)V,U;) =
—V, - (K(y,x)V,U) we obtain the following equality which must be satisfied for each

x e

=V, - (K(y,2)V.Uo)
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Since

ki (ys co) = X W)k (), kaaly) = X (y)kia
ka1 (y: co) = X (Y)kai (), Faa(y) = X“(y)ka
we have that K(y,x) = x°(y)K°(x), and for y € S we have that x¢(y) = 0, and x°(y) =

1 for y € E. Hence for y € E we have that K(y,z) = K¢(z) and consequently
—V, - (K%(x)V,Up(x)) = 0. Therefore the equality

>V, (E(y,2)Vi) = =V, (K(y,z)V,Up)

i=1
which must be true for each z € €, for y € E is equivalent to

Y Yy (K@)V;) = =V, - (K(2)V.lo), y€E

=1

is equivalent to

YV, (K(x)Vi) =0, yekE

. 5,
~(0)-[ 27
% ad)e
81’2 Vywz
ac§
0x; (z) 0 Vywy; Vywi;
— —C,
@QSS Vyw% Vywzi
) 0 oz, (x)

3
From here it follows that for the equality Z V, - (K2)V;) =0, y € E we obtain:

i=1
3 Vywli
V- | K¢(2)Ci(x) =0, yek
i=1 Vywo;
We denote
A(z) = (a;)},_, = K°(2)Ci(x)
Then

Az) ( Vywi; ) _ ( a11Vywi; + a12Vywy; )

Vywo; a21Vywi; + a2V ywo;
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Therefore by definition we have that

\E ( a11Vywi; + a12Vywy; ) _ <

Vy - (a11Vywi; + a1V ws;)
(Iglvywli + aggvngi \V4

v - (a1 Vywy; + a2V, wsy;)

Hence the equality

3 Vywi;
>V, | K@)Cix) =0, yek
i=1 V wa;
which is equivalent to
3 Vywh
Y v, | Alz) =0, yekE
i=1 vyu}22

becomes

3
Z ( (a1 Vywy + a12Vywy;) ) =0, yeFE

— “(a21 Vywi; + agVywy;)

By definiton, the latter is equivalent to

3
Z Vy . (an(x)Vywli + alg(:z:)Vyw%) = 0, Yy )
121
Zvy . (agl(l')Vywh‘ + agg(x)vngi) =0, Yy E F
=1

which is equivalent to
Z {an(z (Vywii) + arp(2)Vy - (Vywy)} =0, yeFE

Z {aa(2)Vy - (Vywy) + an(2)V, - (Vywy)} =0, yeE

=1

Since the latter equality must be satisfied for each x € ) it follows that each term must
be equal to zero, i.e.

V- (Vyw) =0, yeFE
Vy - (Vywsy) =0, yeE

and from here (as well as from the interface conditions) it follows that wy;(y) = way;(y) for
each 1 =1,2,3.
For the functions c{ and ¢ we have the following interface conditions:

(k11 Vyc] + k12Vyo]) - ng = — (ki Vach + k12Vedg) -ng, yel
(kzlvycf + k22vy¢(f) ‘Ng = — (k21vxcg + k22Vz¢8) 'ng, yel

which according to our notation is equivalent to

(Kval) ‘Ng = — (Kvao) - 1,
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For y € E we have the following system of PDEs and corresponding interface conditions:
3
YV, (KV;)=0, yekE
i=1
3
> (KVi) ng=—(K°V,Up)-ns, yeT

=1

where

_ o [ Vi
=G ( Vyws; )

. . 80 . 00§
ke ke 81» 4o X
Ke(2)Cy(x) = (10 12 Cooee | =

k31 kg, 0o 0 Oct OP¢

81" k,e 0 ke 0

7 21 axZ 22 al,z

Therefore for the interface conditions we obtain
k:e aCO k,e a¢0
3 11 a 12 a Vywh- kflvmcg + kTQVm(ZﬁS
Z ‘Ng = — ‘g
i—1 e Jcy e 995 YV, wa; kS, Voo + kSy Vo6
21 a 22 a

which is equivalent to

ock
e, 20 Vywy; + k§ i Vywo;

3 o, 291, k11 Vaco + K1y Vady
Z ‘ng = — - ng

The latter is equivalent to (according to the previously defined operations)
5 3

0%} . c a¢
g ( 118 Ovywlz_'_lea Ovngi cNg = — kll;a_xzei_Fk 0 - Ng

=1

=1

3
e ocs ¢ . ac a(b
which is equivalent to
3

Z{ki(x)?—j(x) (Vywns + @) + koo) 220 () (0 +el>} -

- 0x;

%

5 {15101 520 (V0 + ) + A5s) 52 (0) (T +-0) | m =0

ox;
i=1
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Since the latter equalities must be satisfied for each = € €, it follows that

(Vywli + ei) -ng =20

(Vywe; +€;) -ng =0

which is equivalent to

Vywi; - g = —€; - Ny

Vyw% Ny = —€ - g

And since we obtained identical PDEs for wy; and wy;, for i = 1,2, 3, we obtained that
w1;(y) = we;(y) and the interface conditions are:

Vywy-ng=—e;-ng, yel (5.79)

After we obtained that wy;(y) = wa;(y) for i = 1,2,3, we introduce a new notation:
we remove the first index ”71” from the notation of the function w.

Thus we obtain cell problems which turned out to depend only on the geometry of
the domain but not on the nonlinear model coefficients kf;.

Therefore we do not have to solve the cell problems for each x € €2, but only once
for each time step and this will reduce significantly the computational time.

Auxiliary Cell Problems: i =1,2,3
V- (Vyw;) =0, yekE (5.80a)
Vyw; -ng=—e;-ng, yel (5.80b)

Periodic boundary conditions on 0F\I', i.e. on the outer boundary of the electrolyte
domain which is not part of the interface

/wi(y) dy =0, 1=1,2,3in order to fix the solution

E

Finally we obtain that

¢ (a,y,1) sz Y t) 22 (1) (5.81)

¢1 z Z/, sz ya

(x,t) (5.82)

Z

where w;(y,t) and 1;(y, t) are Y-periodic functions in the y variable.
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5.5.2 Order £°: Derivation of the Homogenized Equations
We have the following system of equations for y € Y and x € Q

0
X (W) 5, () = Ve - [kua(y, &6) (Vach + Vich) + Frz(y) (Vadl + Vyo1)] +

+V, - (k11 (y, ¢§)Vacs + ki1 (y, CS>VyC§ + k12(y) Vo] + km(y)quﬁS]
(5.83a)

Vi - [ka1(y, §) (Vach + Vyel) + kaa(y) (Vad§ + Vyoi)] +
+Vy - [kar(y, §) Vact + ka1 (y, ) Vych + ka2 (y) Vad] + ka2 (y) Vi) = 0 (5.83b)

with periodic boundary conditions on dY and with the following interface conditions on I':
1
- [kll(ya CS)VICT + kll(ya CS)VyCS + kl?(y)vx¢§ + k12(y)vy¢g] ‘Ng = EN(C(e)a céa ¢(e)> QS(S))
(5.84a)

1
- [k21<y7 CS)VxCT + k?l(ﬂ? CS)VyC§ + kQZ(y)Va:QSi + kQQ(CU)VbeS] ‘g = EJ(CS’ Cga ¢8> ¢8)
(5.84b)

Now we integrate both sides of equations (5.83) over the reference periodicity cell Y
and we divide by the measure of Y, and then we obtain

|E| Ocg
Y| ot

1
- / V- o (3, €6) (Vah + V,68) + baa(y) (Vo + V,60)] dy+
Y

1
7 /Vy [k (Y, ) Vet + ki (y, ¢g) Vycs + ki2(y) Vad] + kia(y) V5] dy
Y

(5.852)
1
7 [ Ve Bon(0.6) (Vi 98) + bnl) (V5 + V)] di+
Y
1
+m / Vo - [k21(y, ) Vacs + kot (y)Vyc§ + koo (y) Vi d§ + koo (y) Vo5 dy =0 (5.85b)
%

In equation (5.85a) for the left hand side we have

1 o, 1\ 0ch 1 0c . 1 9c / / _|E] Och
Y S

. ) (5.86)

SinceY = FU S and
153

17

yekl
kij(y,co) = X“(y)ki; =
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then it follows that

: 0 _ L e _ [
my/k:ij(y,co)(...)dy— % /kw(...)dy—l—/()(...)dy V] /k”(...)dy

Now we consider the second integral of the right hand side of equation (5.85a):

|Y| / [R5 (cg) Ve + Ki (o) Vycs + k1o Ve g + ki, V@5 dy =

’Y| / [R5, ( Co )V + kn(co)vycg + k1o Ve o] + (kﬁ)o Vy(ég} ‘nds =

1

- m / [k11(ch) Vet + k11 (c5)Vycs + k1 Vad] + k1, Vyd5] - nds +

QEH@Y

i

~~
=0

o / K ()0 + Ky () Vg + Ky Vas + Ky, 0] - o ds —
= |Y| / kil Co Vwc1 + kn(co)v 02 + kT Zngb‘f + kgqu&g] ‘ngds =
- W / N, 66, 65) ds
T

For the first integral in the right hand side of equation (5.85a) we obtain:

1 e (4 e e e (A e e
m / Ve - [knvycl + k1o Vo] + k11 Vach + klzvx%] dy =

|Y|/v

1
|Y|
600

3
:vx g / 118 ywldy+zly|/ 128 V wldy+

acs ° . g8 .
k1 Z o V?/ itk Z %Vywi + k1 Vacg + kizvx%] dy =
i=1 v

3
e a¢e e € € ¢
kS, E e, OV yWi + k7 E a—;vywi + k11 Vach + k12vx¢0] dy ¢ =
i=1 !

/ 11 Vaco dy + |Y|/kf2V ¢ody » =

E
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1 € € 1 € €
m/kn dy | Vacg+ m/km dy | V.05 p =
E

E

E E
=V, {AV &+ BV, ¢0+k11;y;lvx 0+/<:12IYI[V ¢0} =

E E
=T (A ) e (0t v

where [ is the identity matrix and

ow;
A:(aljzjl |Y|/ 1laj

ow
B:(le ]Y]/u@y]

Now we denote

E|
1= At kgl

e |l

Ll
Y]

Then

||
Kll J |Y|/ 118 d +k11|y|6z.7

IYI
We obtain the following homogenized equations:

|E] 9cg
Y| ot

— V (Kllv C(J +K12v ¢0 |Y| /N 007007¢07¢0)

-V, (K21vxCQ+K22v % |Y| /j Co7Coa¢o7¢o)

(5.87)

(5.88)

(5.89)

where I' is the interface boundary between the electrolyte and the solid in a single
representative periodicity cell Y = EF U S and the matrices Ky1, Ky2, Koy and Kas are
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given by:

5.6 Homogenization of the Solid Phase PDEs

We will homogenize only the governing equation for the potential ¢?(x).
From J¢ - ng = J. for the interface conditions we obtain:

e 0=rk(y)V,0 ng (5.90a)
et 0=k(y) (Vad)+ V&) - ng (5.90Db)
v : éj (c5, ¢, 06, dg) = (5.90c¢)
= — (K() V2 + K (4)V,05) s (5.90d)

5.6.1 Homogenization of the PDEs: Order 2

We have the equation
Vy (6Y)Vy@5(,y,t) =0, yeY
which is equivalent to
V- (K°Vyoy(z,y,t)) =0, yes
with the following interface conditions:
K°Vyp5-ns =0, yel =05
From here (and taking into account the boundary conditions), we obtain that
&5 = ¢h(x, 1)
which coincides with the assumption we made that ¢f is a function of x only.
5.6.2 Homogenization of the PDEs: Order ¢!

We have the following equation for y € Y:

Vo - (k(y)Vy@i (2, 1) + Vy - (5(y) Vadi (2, 1) + £(y) Vydi (2, y,1)) = 0

with periodic boundary conditions on 9Y for the Y-periodic functions ¢;(z,y,t
&5 (z,y,t), and the following interface conditions on I' = 05:

(k(y)Vad + £(y)Vyei) -ns =0, yeT
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Since V40§ = 0 because ¢f = ¢j(x,t), the latter equation becomes

Vy - (6(y)Vadi(2,t) + £(y)Vyoi(z,y,1)) =0, yeY (5.97)

We look for the solution ¢§ of equation (5.97) (provided that we consider the function
@} given) in the following form

3 a¢s
Oi(w,y,1) =Y _eily)5 (1) (5.98)
i=1 v

where the Y-periodic function ¢ (y) for [ = 1,2,3 in 3D is the solution of the following
auxiliary cell problem for [ = 1,2, 3:

e ”Solid” Cell Problem for [ = 1,2, 3:

V- (Vyp))=0, yes (5.99a)
Vyp] -ng=—€-ng, yel (5.99b)

— Periodic boundary conditions on dS\I', i.e. on the boundary of the particles
where the particles are connected

- /gols(y) dy =0, [=1,2,3in order to fix the solution
5

5.6.3 Homogenization of the PDEs: Order &°

He have the following equation for y € Y:
V. - (K(W)Vadh + K@)V,01) + Yy - (k) Vath + £(y)V,035) = 0 (5.100)

with periodic boundary conditions on dY and the following interface conditions on I' = 95

1
— (R(Y)Vad + R(y)Vy03) - ms = ~T (c5, 5,04, 60), y €T =05 (5.101)

After we integrate the equation over Y and after we substitute ¢5(x,y,t) with its equal
expression from (5.98), we obtain the homogenized equation:

1
VL AV = / T(cE et 6t 65) ds (5.102)
N

where

; 0¢;

44



5.7 Homogenized Problem Without Boundary Conditions

Macroscale equations:

|E] 9cg
Y| ot

1
— Vg (Kllvxc(e) + K12vx¢8) = m /N(CS> Cs’ ¢87 ¢8) dS, z €Q (51043)
r
1
—V. - (K21 Ve + KaaV,p) = m/j(cg,cs,qbg, ¢y)ds, xe€Q (5.104b)
T
1
V. (V,00) =~ [ TG00 ds, v e @ (310k)
T

Microscale equation:

oc? Ds_
E - Vy : (5—2Vyc ) =0, yes (5105&)
D* s 1 e 8 te 4s
—6—2Vyc cNg = EN(CO’ C 7¢07 ¢0)7 Yy < r (5105b)

6 Homogenization of the Neumann Boundary Condi-

tions
w
2
%
Anode o Cathode
Figure 19: Battery Cell
Electrode
/—}%
QO
070
6207
N
]
@ A
G surf
Y

SSV

Figure 20: Electrode Outer Boundary
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We have the following Neumann boundary condition in the e-setting of the original
microscopic problem:

-k Vi -n=FE5 x€w (6.1)
where

X
o B =xi(r)Ey =x" =) B = X*(y) E;
e

Ke(z) = K (E) =X’ (E) K =X (y)K’

9 9

1
V=V.+V,

¢5(x) = @5 () + et (z,y) + e2p5(x,y) and therefore

0
+ o= S s

Let n = (ny, ng,n3). Now we calculate the flux

KoV 6: - = r(y) (Vads + V,0) -n =
. (6% 001 00y 00 ) _

Y\ 9 oy m 69@2 592
— k() (&bo i Jipi 0oy i D5 Oy

8.731 e 8y1 8.771 e 8y1 8.772 it

993 I 09§ Op3 095\ _
8372 M2+ 8y2 (99(:1 12 8y2 8372 "2 )=

095 O]
58 )

99, 93 aﬁbo 8901
81'2 ( ( ) (1+ (‘3y2>) n2+’€< )8x1 ng

+

0 0 0 0P},
6%1411711 + 8¢2A127l1 + 8¢2A22n2 + a(b Aging =
99,
A Arp 01
= ( > ‘n=(AV.¢{) - n (6.2)
Agr Az 083
aZEQ
agp] s s 890;
where we denote A;; = k(y) | di; + o) X (y)R® (i + a5, (y) ). Therefore we

obtain
— (AV.¢5) n=x(y)E;, x€w, (yey™/) (6.3)

Now we integrate over S (in order to obtain the coefficients A® and respectively the flux
AV @, see Figure 20 ) both sides of equality (6.3) and we obtain

ysurf| / (AV.¢7) -ndS = —— Ysm’f’ / y)E5dS, x € w, (6.4)

Ssurf Ssurf
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which is equivalent to

1
—(A°V.¢5) n=—— / 1E5dS, x € wy <>

|Ysurd|
gsurf
—(/\vagbg)-n:i / 1dS, =€ wy <=
|y surf] ’
gsurf
N |57 s
— (A°V,¢}) n = |Ysurf|E2’ T € Wy (6.5)
Upscaled Neumann BC: Verification
We denote the flux
—A°V¢, -n=C = const (6.6)

Let us also denote with p = p(¢) the number of all periodicity cells which have an outer
boundary on the external cathode (electrode) boundary ws (for simplicity we fix wy to
be the external cathode boundary, i.e. w9 consists of both solid particles and electrolyte,
whereas with 0S). we denote only the cathode solid particles outer boundary). Since the
total flux across wy should be preserved, i.e. it must be the same in both the upscaled
problem and the initial microscopic one, we want to ensure that the following surface
integrals are equal

/ —ke(2)VP: -ndS = /—ASV¢8 -ndS
w2NOe w2

which is equivalent to

/ E5dS = /CdS <~
w2NONe w2
/ Xi(z)E5dS = [ CdS <=
woNONe w2
/ E5dS = / cdS =
waNONe wo
Es / 1dS:C/1dS &
waNONe w2

ES |lwe NOQ| = Clws| =

Esp(e) |S*mf| = Cp(e) [Y*f | <=

p(e) (Bs |5/ | - Cly*/|) =0 =

E5 |55 —ClY*™ | =0 (p(e) #0) <=

Ssurf
¢= ||Ysu'rf|| 5

which is true (we obtained the same result via the homogenization method).
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7 Homogenized Problem

7.1 Macroscale Problem

We obtain the following homogenized equations for the concentration ¢ of ions in the
electrolyte, the potential ¢¢ in the electrolyte and for the potential ¢® in the solid
|E] 9¢5
Y| ot

V (Kllvxco + I<12v gb() ‘Y‘ /N COa 7¢07¢0) S Q (71&)
V (K2lvxco + K22V ¢0 ‘Y‘ /*-7 COac (b[)a(bo) T e Q (71b>
—V. - (A°V,.05) = —m/j(cg,cs,gbg, oy)ds, xe€Q (7.1c)

r

with the following boundary conditions

¢y =FE], r€w (7.2a)

Ssurf
(A°V,¢5) -n = ’Ysurfn ES, x € w (7.2b)
N.n=NP.n=0, 2c00Q (7.2¢)
JPon=J".n=0 2coQ (7.2d)

and homogenized coefficients (which are tensors)

o kfl(cg)/ N dw; ka %

_ k51 (c5) dw, k5 w;
(K21)ij = |Y| / 5ij + By (y) dy, (K22>ij = ]Y] (5ij + (?_yz(y) dy (7'3)
E E

with w;(y) and ¢3(y) (j = 1,2,3) being the solutions of the auxiliary cell problems
(5.80a)-(5.80b) and (5.99a)-(5.99b), respectively.

7.2 Microscale Problem

We have to solve the following microscale problem for the concentration of ions in the
active particles

S DS
%—Ct—vy ( Vc>:0, yeS (7.42)
D3 1
6—2Vycs "N = - N(ch, e’ 06, ¢5), yeT (7.4b)

We impose periodic boundary conditions on dS\I', i.e. on the boundary of the solid
particle where the particles are connected to each other.
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8 Numerical Methods

Since the processes in the homogenized equations are essentially one-dimensional, we
can solve them in 1D but we leave the microscale problem for ¢® in 3D. For the space
discretization we use the Finite Element Method with linear Lagrange elements. For the
time discretization we apply the Backward Euler Method and for the linearization of the
resulting system of algebraic equations we use the Newton Method.

For each node in the space discretization of the 1D problem we assume to have one
active particle. Therefore we solve as many microscale problems as there are nodes in the
discretization of equations (7.1).

We use the following time-stepping scheme. First we solve the homogenized equations
(7.1) using Backward Euler Method and using the values of ¢® from the previous time step.
Then we use the obtained values ¢, ¢¢ and ¢* to solve the microscale problem for ¢?.

9 Numerical Results

In all the numerical experiments we consider a battery cell which consists of two electrodes-
anode and cathode, each of them being a cube with length of the side 100 pm (see Figure
21). Between the two electrodes there is a layer of pure electrolyte with thickness of 10
pm. In each of the experiments we run simulations varying the size of the active particles.
We begin with particles having a characteristic size of 20 ym and we decrease this size
up to 2.5 um in the last experiment. In Table 1 we give the values of all the parameters
which we use for our computations.

m
o
(2]
Anode 3_' Cathode
S
D
———
100 10 100

Figure 21: Battery Cell Dimensions

Table 1: Values of the parameters used for the simulations

D ty K Crnaz Cinitial k-reaction rate
Electrolyte | 7.5 x 107 | 0.363 | 0.002 - 0.001 -
Cathode 1.0 x 107° 0 0.038 | 0.023671 | 0.9%Cn0z 0.2
Anode 3.9 x 10710 0 1.0 | 0.024681 | 0.1%c,00 0.002

49



For the open circuit potential Uy we have

Up(c®) = — 0.132 + 1.41e73%%¢ 2 € Q, (9.1a)
Up(c®) =4.06279 + 0.0677504 tanh(—21.8502s0¢ + 12.8268) — 0.045¢~710950¢" _
1
0.105734 — 1.576 ) + 0.01¢~200(s0e=0-19) Qe
((1.00167 — 500)03TOTL ) +00%e T
(9.1b)
where
CS
= 9.2
soc o (9.2)
The applied current on the cathode is:
S S ‘ Surf‘ S
(A Vm¢0) "n= ‘Ysurf’E27 T € Wy, (93)
E; =0.01 (9.4)
For the potential ¢* on the anode outer boundary we impose the following values:
oy = Ef = Up(¢iniar) = 0.8596, 1z € wy (9.5)

We run all the simulations with time step of 2s and with ¢ we denote the number of time
steps.

9.1 Experiment 1

We run simulations for 5 active particles in each direction, which means that we have a
total number of 125 particles in each electrode. The characteristic size of the particles in
this case is [ = 20 pm, whereas the size of the whole electrode is L = 100 pm. Consequently

e = — = 0.2 in this simulation. In Figure 22 and Figure 23 we compare the results from

the full microscopic simulation and the homogenized problem. In all the subsequent
numerical experiments we show the results for the potential ¢® only in the cathode, since
throughout the simulation the values of the potential in the anode are virtually constant.
The potential ¢° in the electrolyte after 40 time steps is shown in Figure 22. In Figure
23 we show the concentration ¢® in the second layer anode active particle in both the
homogenized model and the microscale model. As we can see from the picture, the values
of the concentration in both models are pretty close.
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Potential in the electrolyte

5 Particles, t=40 time step, L 2norm=3.76515e-04
0.41 T I T I T I T I T I T

—— Microscopic
—— Homogenized

0.4

0.39

0.38

0.37

0.36

0-35 1 I 1 I 1 I 1 I 1 I 1
0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 22: Comparison between the homogenized and the microscopic solution: potential
in the electrolyte for 5 x 5 x 5 particles in each electrode

Pseudocolor 0 —ﬂw— \._ Ry ——

Vor:cf%%wgs%gi
Pseudodolor ’ .
Var: conlcentration
0.003406

(a) Exact Solution (b) Homogenized Solution

Figure 23: Concentration in the Anode after 80 time steps for 125 particles in each
electrode

9.2 Experiment 2

We run simulations for 10 active particles in each direction, which means that we have a
total number of 1000 particles in each electrode. Therefore the characteristic size of each
particle is 10 um and € = 0.1. The results from the full microscopic simulation and from
the homogenized problem are shown in Figure 24, 25, 26 and 27.
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Concentration in electrolyte
10 particles, t=40s

I I
i —— Microscopic 7
— Homogenized

0.0012 - —
0.0011— |
0.001— —
0.0009 — —
0.0008 | | | [

0 0.005 0.01 0.015 0.02

Figure 24: Comparison between the homogenized and the microscopic solution: concentra-
tion of Li+ in the electrolyte for 10 x 10 x 10 particles in each electrode

Concentration in electrolyte
10 particles, t=20, 40, 100 time steps from top to bottom
‘ T ‘ T ‘ T

0.0013

0.0012

0.0011

0.001

0.0009

0.0007

\ \ \ \
0.005 0.01 0.015 0.02

Figure 25: Comparison between the homogenized and the microscopic solution: concentra-
tion of Li+ in the electrolyte for 10 x 10 x 10 particles in each electrode for different time
steps
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Potential in electrolyte
10 Particles, t=1, 20, 40, 80, 100 time steps, from bottom to top
T ‘ T ‘ T ‘ T

0.381—

- | — Microscopic
— Homogenized

t=100

0.36

0.34

0.32

0.3

0.28

0.26

0.24 \ \ \ [
0 0.005 0.01 0.015 0.02

Figure 26: Comparison between the homogenized and the microscopic solution: potential
in the electrolyte for 10 x 10 x 10 particles in each electrode for different time steps

Potential in the electrolyte
10 particles, t=40 time steps, L 2norm=1.114424e-04

034 ‘ T ‘ T ‘ T ‘ T ‘
- —— Homogenized B
—— Microscopic
0.33 —
0.32— _
0.31 —
03 —
0.29 \ \ \ \ \
0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 27: Comparison between the homogenized and the microscopic solution: potential
in the electrolyte for 10 x 10 x 10 particles in each electrode
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Concentration in the electrolyte
10 particles, t=500 time steps
= I I I ]

—— Homogenized
— Microscopic

0.0014

0.0012

0.0008

| | | |
0.005 0.01 0.015 0.02

0.0006

Figure 28: Concentration in the electrolyte for 10 x 10 x 10 particles in each electrode
after 500 time steps, Ly norm=1.05651e-06

9.3 Experiment 3

In this experiment we run simulations for 20 active particles in each direction, which
means that we have a total number of 8000 particles in each electrode. The characteristic
size of the particles is 5um and the small parameter is € = 0.05. The results from the full
microscopic simulation and from the homogenized problem are given in Figure 29, 30, 31
and 32. In Figure 33 we show the concentration of Lithium ions in the anode after 80 time
steps.

Potential in the electrolyte
20 particles, t=40 (bottom) and t=800 (top) time steps

07 \ ‘ \ ‘ \ \ ‘ \

L — Homogenized b

—— Microscopic

0.6 —
05— —
04 —
0.3 —
0.2 \ \ \ \ \

0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 29: Comparison between the homogenized and the microscopic solution: potential
in the electrolyte for 20 x 20 x 20 particles in each electrode for different time steps
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Potential in the electrolyte
20 particles, t=800 time steps
\ ‘ \ ‘ \ \

0721~ —— Homogenized| |

- —— Microscopic -

0.7 —

0.68

0.66

0.64

0.62 — _

\ \ \ \ \
06 0.005 0.01 0.015 0.02 0.025

Figure 30: Comparison between the homogenized and the microscopic solution: potential
in the electrolyte for 20 x 20 x 20 particles in each electrode for different time steps

Potential in the electrolyte
20 particles, t=40 time steps, L 2norm=7.49176e-05

029 ‘ T ‘ T ‘ T ‘ T ‘
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—— Microscopic
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0.27— _
0.26 — —
0.25— —
0.24 \ \ \ \ \

0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 31: Comparison between the homogenized and the microscopic solution: potential
in the electrolyte for 20 x 20 x 20 particles in each electrode
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Concentration in the electrolyte
20 particles, t=40 time steps
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Figure 32: Comparison between the homogenized and the microscopic solution: concentra-
tion in the electrolyte for 20 x 20 x 20 particles in each electrode
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Figure 33: Concentration in the Anode after 80 time steps for 8000 particles in each
electrode

9.4 Experiment 4

In this experiment we run simulations for 40 active particles in each direction, which
means that we have a total number of 64000 particles with typical size of 2.5um in each
electrode. Consequently we have that ¢ = 0.025. The results from the full microscopic
simulation and from the homogenized problem are given in Figure 34 and 35.
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Potential in the electrolyte
40 particles, t=40 time steps, L2norm=5.82417e-05
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—— Homogenized
0.24— —
0.23— —
0.22— —
021 —
0.2 \ \ \ \ |
0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 34: Comparison between the homogenized and the microscopic solution: potential
in the electrolyte for 40 x 40 x 40 particles in each electrode

Concentration in the electrolyte
40 particles, t=40 time steps
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Figure 35: Comparison between the homogenized and the microscopic solution: concentra-
tion in the electrolyte for 40 x 40 x 40 particles in each electrode

10 Conlcusion

The theoretical error estimate for linear elliptic problems is
lue — o — el 1) < CVeE (10.1)

where u. is the microscopic solution, ug is the solution of the homogenized problem and
uy is the first order corrector (see [4]). As we can see from Table 2 the Ly norm of
the difference between the homogenized and the microscopic solution decreases when we
decrease €.
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Table 2: Lo, norm at time step 40

Particles | & | 65— &1, | Icb— I, [ 16— 67T,
Cathode

5 0.2 3.76515e-04 | 8.73508e-07 | 0.000393077

10 0.1 | 1.114424e-04 | 5.60168e-07 | 0.000139498

20 0.05 | 7.49176e-05 | 4.41375e-07 | 7.30204e-05

40 0.025 | 5.82417e-05 | 3.66711e-07 | 3.5623e-05

We have successfully derived a coupled micro-macroscale model for the isothermal Li-ion
battery model [8]. We rigorously proved the order of the current density which is crucial for
the correct homogenization of the microscopic model. We also derived properly upscaled
Neumann boundary conditions. Finally we ran a series of numerical simulations for
uniformly decreasing € against FEM solver for the microscopic model. The results of the
simulations show good agreement between the homogenized and the microscale solutions.
We should also note that the proposed solution algorithm allows for a trivial parallelization

for solving the microscale problem for ¢°.
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