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Abstract

The applicability of the method of Sobol to the non-smooth, resonant behavior of a vibrational eigen-
mode of a piezoelectric element is examined. The goal is to quantify the sensitivity of the system upon
variation of the piezoelectric material parameters. The randomly distributed piezoelectric material pa-
rameters needed for this statistical approach are taken from a Latin hypercube sampling (LHS). For each
such sampling point a frequency-domain study is performed, from which the resonance frequency of the
considered eigenmode is extracted. The Sobol indices are computed from the statistical distribution of
these resonance positions. A hybrid computational approach by means of the MATLAB® LiveLink™
feature is chosen. The LHS process, the COMSOL® model creation, the extraction of the resonance
frequencies, and the calculation of the Sobol indices is performed in MATLAB®. COMSOL® is used
for the computation of the electrical impedance of the considered block-shaped piezoceramic test spec-
imen. To this end, a frequency-domain study is set up, combined with a parametric sweep with the LHS
parameter combinations as input. A batch sweep is employed to speed up the computation by parallel

model execution.
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Introduction

One way to extract piezoelectric material data from
measurements is to utilize vibrational eigenmodes of
block-shaped test specimens [1]. Within a simula-
tion-aided approach this results in optimizing the
values of the material data parameters to fit the ex-
perimental result, namely, the frequency-dependent
resonant behavior of the electrical impedance of the
test sample. As this is a high-dimensional inverse
problem, the question of a sensitivity analysis
quickly arises. The latter provides information about
the sensitivity of a model (here: resonance position)
to fluctuations in the model parameters (here: piezo-
electric material parameters). Knowing the most rel-
evant parameters leads potentially to a reduced and
more manageable dimension of the optimization
problem. One established way of expressing sensi-
tivity quantitatively in the form of a measure is to
calculate Sobol indices [2]. Their applicability to the
non-smooth, resonant behavior of above mentioned
eigenmodes upon variation of the piezoelectric ma-
terial parameters is examined in this contribution.

The calculation of Sobol indices is a statistical
method, which means that many randomly generated
model values are required for a meaningful calcula-
tion. These are taken from a Latin hypercube sam-
pling (LHS) of independently varied piezoelectric
material parameters. For each such sampling point a
frequency-domain study is performed, resulting in

an electrical impedance curve rather than a single
data point. From this curve the resonance frequency
is extracted, by means of which the Sobol indices of
the selected piezoelectric material parameters are fi-
nally calculated.

Theoretical Aspects

This section provides a brief overview on piezoelec-
tricity and the method of Sobol, which are both es-
sential for this contribution.

Piezoelectric Materials

In piezoelectric materials the direct and inverse pie-
zoelectric effect occurs. The material exhibits a crys-
tal structure and consists of positively and negatively
charged ions with overlapping charge centers in the
absence of external influences. When a force is ap-
plied to the structure, the crystal structure deforms,
the charge centers shift, and dipoles form (direct pi-
ezoelectric effect), resulting in a measurable voltage
difference across the deformed geometry. Similarly,
an applied voltage results in a deformation of the ma-
terial (inverse piezoelectric effect).

The quantitative relationship between the magnitude
of the displacement and the magnitude of the voltage
difference can, in the linear case, be described by two
coupled state equations for the dielectric
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displacement (D,;,) and the mechanical stress (T;;)
(stress-charge form),

Dy = emiiSit + EmnEn,

Tij = CiEjlekl - eiann'
where E,, is the electric field and Sj; the mechanical
strain [1]. The material specific parameters are €5,
(electric permittivity at constant strain), CiEjkz (elastic
stiffness at constant electric field), and e;;,, (the pie-
zoelectric stress tensor); they describe the electrical
and mechanical properties as well as their coupling.

In general, piezoelectric materials are anisotropic,
hence the tensor formulation above. Symmetries of
the crystalline structure reduce the number of inde-
pendent tensor components. For transversely iso-
tropic behavior this leaves the parameters c£;, c&,,
cE, L, cL,, esq, €33, €45, €51, and €35 [1]; note that
the indices are given in the Voigt notation [3]. That
is, these ten material parameters characterize the be-
havior of a given piezoelectric material. Which of
them are truly relevant and which only play a minor
role (and thus do not need to be known with the same
accuracy) can be evaluated by means of a sensitivity
analysis.

The Method of Sobol

A sensitivity analysis provides information about the
sensitivity of a model to variations in the model pa-
rameters. It helps to distinguish between influential
and insignificant parameters. This can be useful, for
example, to identify the critical control variables of
the model.

In this work, Sobol indices are employed to perform
a sensitivity analysis. The variance of the model out-
put y[x] is calculated upon variation of the n model
parameters x = {xy, ..., X, } (here: piezoelectric ma-
terial parameters) and then decomposed into the con-
tributions attributable to the individual input param-
eters x;. The first-order Sobol index (the so-called
main effect) of parameter x; is defined as

vxl- [ExNi[ylxi]]

’ Vely]

where V,, [y] is the total variance of the model y[x]
over all input parameters and E,_,[y|x;] is the mean
value of y with given parameter x; [5]; the indices x;
and x._; denote which parameters ought to be varied,
the latter meaning all but the ith one. The total Sobol
sensitivity index, another popular variance-based
measure, is defined as

L V.0l T D)
again being normalized [5]. S; describes the contri-
bution of the uncertainty of x; to the total variance
while ST gives the mean variance remaining when
all parameters but x; are fixed [4].
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Figure 1. Electrical impedance magnitude of the block-
shaped sample geometry of this study. Three different
eigenmodes are highlighted, from which the leftmost at
about 50kHz is used.

Direct calculation of above Sobol indices by means
of solving the variance integrals is not feasible. In-
stead, a statistical method based on quasi-Monte
Carlo sampling is used, needing only m - (n + 2)
model evaluations [6]; n denotes the number of pa-
rameters to be investigated and m the desired sample
size. Within this method, two n X m matrices A and
B are generated using LHS. Each column of these
matrices represents a parameter set for the simula-
tion. These matrices with independent samples are
rearranged into cross matrices AB;, which represent
the dependencies among individual variables. For
this purpose, the ith row of matrix B is inserted at the
position of the ith row of matrix A. In this way, ex-
actly one parameter x; in the parameter set is
changed in matrix A.

The computation of the Sobol indices becomes [6]
1
S w mZT:l Y(B)j(Y(ABi)j - Y(A)j)

P

‘ . Velyl '
o Zm S OB, - y(4);)’
' Vely] '

2m 2m 2
1 2 1
vx[y]zﬁ;(y(cm : ﬁ;y(cn .

where y(A), y(B) and y(AB;) are vectors each con-
taining m model outputs for the respective sample
matrices. The vector y(C) contains the concatenated
vectors of y(A) and y(B) and is thus of size 2m.

Simulation Model and Methods

This work focuses on vibrational eigenmodes of
block-shaped test specimens of piezoelectric materi-
als. The eigenmodes are characterized by an in-
creased vibration at the resonance frequency which
can be identified using the electrical impedance Z ()
of a specific test sample, see Figure 1 for an example.
Therefore, the computational model needs to provide
this resonance position from a frequency sweep
study. This is, to our knowledge, not possible within
COMSOL Multiphysics. One might try to use an
eigenmode study, which would require a method to
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Table 1. Material parameters for PIC255 in stress-charge
form; material density is taken as p = 7800 kg/m?3 [1].

Parameter Value

cE [N/m?] 12.46 - 1010
cE,[N/m?] 7.86 - 1010
cE[N/m?] 8.06 - 1010
cE[N/m?] 12.06 - 1010
cE,[N/m?] 2.04 - 1010
e31[C/m?] —6.86
e33[C/m?] 16.06
e15[C/m?] 11.90

€3, [F/m] 7.31-107°
€5,[F/m] 6.81-107°

pick the right resonance. Here, we follow another ap-
proach, namely, to perform the sample and model
creation, post-processing and statistical evaluation in
MATLAB®.

COMSOL® Model

To calculate the Sobol indices, a block of length
30mm, width 10mm, and thickness 2mm is used [1].
The block is polarized in the thickness direction (z-
direction) and made of the material PIC255, for
which optimized material parameters can be found
in [1] and are reproduced in Table 1. Furthermore,
an isotropic loss factor n; = 0.0129 for mechanical
damping and an identical dielectric loss factor n.s =
0.0129 for the electrical permittivity is assumed.

Piezoelectricity is modelled in COMSOL® via the
Solid Mechanics and Electrostatics physics inter-
faces which are coupled via the Piezoelectricity Mul-
tiphysics interface using the Piezoelectric Material
and Charge Conservation, Piezoelectric nodes, re-
spectively. As boundary conditions a Voltage Termi-
nal of magnitude 1V is applied to the top surface and
Ground to the bottom one. Two symmetry planes are
implemented to reduce the computational costs; see
Figure 2. In the same figure, the mesh is visualized:
a cubic mesh consisting of 15 x 5 x 5 elements is
chosen.

For the Frequency Domain study, frequencies in the
range of 35 to 65 kHz with intervals of 500 Hz are
selected. The choice of this frequency range is such
that the zeroth order transverse mode in the y-direc-
tion is excited. As can be seen in Figure 1, this reso-
nance is particularly suitable for this initial study as
it is nicely separated from other, overlapping reso-
nances.

From the COMSOL® model an output of the electri-
cal impedances as function of the frequency is
needed. The electrical impedance is evaluated as
global probe via the expression abs(1/es.Y11) and
stored in a probe table.

Figure 2. Model geometry and mesh. Highlighted are the
symmetry planes used to reduce the model size.

Sensitivity Analysis

The goal of this work is to perform a sensitivity anal-
ysis of the selected eigenmode with respect to the pi-
ezoelectric material parameters. To this end, the ma-
terial parameters are sampled in a +5% interval from
the literature values provided in Table 1. However,
as it is known from previous studies, the chosen res-
onance is not sensitive to all material parameters [1].
To reduce the computational effort, a mixture of im-
portant and not-so important parameters is selected
(cE, ¢k, ¢k, &5, c£,). Of course, a sensitivity anal-
ysis with respect to all parameters is preferable, but
out-of-scope of this particular study due to immense
requirements regarding computation time.

The sensitivity analysis is set up in MATLAB®. The
LHS parameter sampling is realized using the /Asde-
sign() MATLAB® function. Creating the COMSOL®
simulation models is implemented using the COM-
SOL® LiveLink™ for MATLAB®. This allows to
create parameter sweeps for the previously com-
puted parameter combinations programmatically.
Setting up the base model with the LiveLink™ is
based on the COMSOL® model described in the ear-
lier section exported as Model File for MATLAB.

After running the COMSOL® simulations, the probe
tables (impedance vs. frequency) are imported from
file. For each single parameter set, the resonance fre-
quency of the investigated eigenmode is then ex-
tracted by a quadratic fit of the resonance peak. This
serves as model output y[x] from which, together
with the sample matrices 4, B, AB;, C, the Sobol in-
dices are computed according to the equations pre-
sented in the previous section.

Computational Approach

Within this study, sample sizes up to m = 10 000
are realized (see next Section). Therefore, a plain, se-
quential Parametric Sweep is not an ideal choice.
Even an optimistically short single simulation dura-
tion of one minute would yield a total runtime of
about seven weeks. Still, the single model evalua-
tion, a frequency-domain sweep for a fixed set of
material parameters, is computationally rather
cheap. Therefore, the concept of task parallelism via
the batch sweep functionality of COMSOL® is used
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[7]. For later analyses, the probe tables of the indi-
vidual frequency sweeps are automatically stored on
file by adding an Export to File sub-node to the Job
Configuration of the Parametric Sweep.

The total parameter sweep is distributed between 70
models which can be run in parallel with only one
CPU core assigned each. In the case of the present
study, these 70 models are distributed once more
among four 20-core compute nodes of an HPC clus-
ter at the Erlangen National High Performance Com-
puting Center NHR@FAU) of the Friedrich-Alex-
ander-Universitdt Erlangen-Niirnberg (FAU). This
reduces the total runtime of the largest sample size
considered in this study to just below 24h.

Simulation Results & Discussion

Table 2 and Table 3 contain the computed first order
and total Sobol indices, respectively, for varying
sample sizes. Figure 3 and Figure 4 show the evolu-
tion of the indices with the sample size. While the
first order Sobol indices vary quite substantially,
they show some initial trends nevertheless, distin-
guishing the influential parameters from the remain-
ing ones. The total Sobol indices support the trends
seen in the first order index. As they show not much
variation upon changing sample size, the total Sobol
index can be quite useful to assess the importance of
the model parameters more quickly. For example, it
could be used in a study with fewer samples but all
model parameters included, to rule out the least im-
portant ones for following large-sample studies with
selected parameters.

For the material parameters investigated in this
study, both Sobol indices clearly identify the most
influential ones: c£; and c£,. This matches the find-
ings of the more qualitative study presented in [1]
and is supported by the modal shape of the consid-
ered resonance, cf. Figure 1: The deformation
mainly occurs in the plane perpendicular to the po-
larization direction. Hence, this mode is most influ-
enced by material parameters that define the proper-
ties in this plane, such as c£; and c&,.

Finally, Figure 5 shows the distribution of resonance
positions for the sample size m = 10 000; remem-
ber that for setting up the sample matrices 4, B, and
AB; in total m - (n 4+ 2) = 70 000 parameter cases
are necessary.

Outlook

As it becomes clear from Figure 3, further studies
with larger sample sizes for the first order Sobol in-
dices are necessary. In this context, the Cluster
Sweep functionality of COMSOL® could be a prom-
ising approach to utilize more compute nodes in an
efficient manner. Alternatively, one could employ a
computationally cheaper eigenmode study. In this
case the whole sensitivity analysis could potentially
be implemented in COMSOL®.

Table 2. First order Sobol indices for different sample
sizes.

m Sk Sk S e Sk Sk

€11 C12 €13 €33 Caq
1000 -0.79 | -0.45 | -0.04 | 0.09
5000 1.09 0.31 0.10 0.01
7500 0.91 0.48 0.07 0.01
10000 | 0.36 0.43 0.02 0

o|lo|o|o

Table 3. Total Sobol indices for different sample sizes.

T T T T T
i i S"fz Scfs S"§3 Cf«t
1000 0.630 | 0.161 | 0.0092 | 0.002 | O
5000 0.648 | 0.176 | 0.0099 | 0.002 | O
7500 0.635 | 0.179 | 0.0097 | 0.002 | O
10000 | 0.650 | 0.175 | 0.0102 | 0.002 | O
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Figure 3. Evolution of the first order Sobol index with the
sample size.
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Figure 4. Evolution of the total Sobol index with the sam-
ple size.
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Figure 5. Distribution of resonance positions for the sam-
ple sizem=10 000. For the reference values of the material
parameters, cf. Table 1, the resonance is found at fror =
49.2 kHz.
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